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Abstract
A nozzle consisting of a circular inlet orice and a short cham-
ber with an exit lip can produce a naturally oscillating jet ow if
the expansion ratio from inlet to chamber (D/d1) is larger than
ve. As an industrial natural-gas burner, the device offers ad-
vantages over simple nozzles of equivalent capacity. However,
its usefulness as a pulverised solid-fuel burner is constrained
because it requires a high supply pressure. This is due to the
high energy-loss coefcient of the inlet expansion ratio, D/d1.
If an equilateral-triangular inlet replaces the circular inlet, os-
cillating ow occurs at equivalent expansion ratios as low as
D/d1≈2, and the supply pressure is much lower.
An engineering model of the loss coefcient is obtained from
measurements of supply pressure over a wide range of nozzle
geometries. To begin, we split the overall loss coefcient K
into three components, one for each of the inlet orice, cham-
ber and exit lip. A formula representing each component of
K is then determined from dimensional analysis, inspection of
the data, and least-squares curve tting. Combining these com-
ponent formulae gives K as a function of four geometric pa-
rameters and seven numerical coefcients. When the numerical
coefcients are optimised simultaneously, the r.m.s. difference
between the model and the data is 2.2%.
Introduction
Nathan et al. [4] have shown that a nozzle consisting of a circu-
lar inlet orice and a chamber with an exit lip can produce a nat-
urally oscillating jet ow. This device is known as the uidic-
precessing-jet (FPJ) nozzle because ow from the inlet orice
(Figure 1) is deected asymmetrically toward the wall of the
chamber, and the direction of deection changes with time so
that the reattached jet travels or precesses around the wall. In
the initial studies, Nathan et al. [4] found that the range of cham-
ber geometries which produce an oscillating jet is quite narrow;
the diameter expansion ratio from orice to chamber should be
larger than ve (D/d1 >∼5), and the length ratio of the chamber
should be in the range 2.6<∼L/D<∼2.8.
At an early stage, the FPJ nozzle was developed as an indus-
trial natural-gas burner because the ame is shorter, more lu-
minous and more resistant to blow-off than equivalent simple
turbulent-jet or axial-jet nozzles [6]. The higher luminosity,
which is due to the large-scale oscillation of the FPJ ow, can
lead to a decrease of as much as 40% in nitrogen-oxide (NOx)
emissions [7]. Initial experience with FPJ burners in cement
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Figure 1: Fluidic-precessing-jet nozzle.
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Figure 2: Oscillating-triangular-jet nozzle.
kilns showed that, along with advantages such as reduced NOx
and improved product quality, there are some features which
may act as limitations. The most intractable of these is the ef-
fect of the geometric criterion D/d1≥5 on the trade-off between
fuel-supply pressure and the size of the burner: an FPJ burner
requires a much higher fuel pressure than an axial-jet burner of
the same outer diameter and ow rate.
Mi et al. [3] found that an FPJ-like ow oscillation is obtained
with a number of different inlet orice-shapes. In particular,
with an equilateral-triangular orice (Figure 2) the jet oscil-
lates at expansion ratios as low as D/d1≈2. This allows the
triangular-jet nozzle to have a larger inlet orice than the FPJ
nozzle, and so the ow-energy loss coefcient is much lower.
In some applications this would be a signicant benet because
it either reduces the cost of pumping the ow through the noz-
zle, or it allows a corresponding reduction in the size of the
nozzle and its supporting structure.
Lee et al. [2] have performed a parametric study of the
oscillating-triangular-jet (OTJ) nozzle. Their results verify
that oscillation occurs at much smaller expansion ratios than in
the FPJ nozzle and that the necessary supply pressure is much
lower. They also show that, unlike an FPJ, oscillation is con-
tinuous rather than intermittent. The parametric study shows
that the jet spreading angle is smaller than for the FPJ, and
varies more gradually over a wide range of L/D ratios and inlet-
expansion ratios (Figure 3). A designer therefore has the exi-
bility not only to accommodate a much lower supply pressure,
but also to choose the jet spreading angle.
This paper provides a formula which gives an engineering ap-
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Figure 3: Spreading angle of the OTJ, observed with a streamer
at the exit plane of the nozzle — from Lee et al. [2].
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Figure 4: Geometric parameters.
proximation to the ow-energy loss or pressure loss of the
oscillating-triangular-jet (OTJ) nozzle. The ow is incompress-
ible; inlet-orice Reynolds numbers (Re1) are between 3,800
and 60,400.
Experimental Method
Figure 4 denes the geometric parameters of the OTJ nozzle.
The size of the triangular orice is given as the equivalent di-
ameter d1 of a circular orice of the same area. The inlet orice
is cut from at plate.
Figure 5 is a diagram of the apparatus. The air supply for the
nozzle is taken from a 200 c.f.m. (340 m3/hr), 700 kPa industrial
air compressor and is regulated to 210 kPa in the laboratory.
The OTJ nozzle is connected to a smooth-wall tube of internal
diameter D0 =0.753D and length 50D0. Flow passes through a
honeycomb and wire-mesh screen before entering the tube. The
tube provides the OTJ nozzle with inlet-ow conditions which
are a close approximation to a fully developed pipe ow [2].
The dimensionless parameter which describes the ow-energy
loss is the loss coefcient
K =
P0−P∞
1
2 ρU
2
0
+1, (1)
where P∞ is pressure in the ambient uid. Bulk-mean ow
speed, U0 is measured with a 19 mm (3/4-inch) oat/tube ow
meter. The static pressure difference P0−P∞ is measured 10D0
upstream of the triangular orice in order to avoid error due to
streamline curvature near the orice and error due to azimuthal
pressure variations. The energy-loss coefcient (due to wall
friction) of 10 diameters of smooth pipe (≈0.3) is negligible
in comparison with the loss coefcient of the OTJ nozzle. The
results of the measurements are shown in Figure 6.
Initial Analysis
The most important feature of Figure 6(a) is that the loss coef-
cients of the OTJ nozzle are much lower than the loss coefcient
of the FPJ nozzle. This difference occurs because the triangular
nozzle has a smaller contraction ratio (D0/d1) from inlet pipe to
orice. The loss coefcient depends much less strongly on other
geometric parameters of the nozzle. Figure 6(b) shows that in-
creasing chamber length from zero to L/D=2.25 produces a
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Figure 5: Apparatus.
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Figure 6: Measurements of OTJ (4, , 5, ) and FPJ (©)
loss coefficient (K) as functions of (a) orifice contraction ratio
(D0/d1) at L/D=0 , (b) chamber length (L/D) with d2/D=0.9,
and (c) exit lip diameter (d2/D). Re1=50,000
pressure recovery (i.e. decrease in K) of between 13% and 23%.
Pressure recovery may be due to ow reattachment inside or at
the exit lip of the chamber. The lip itself (Figure 6(c)) has an
even smaller effect. Figure 6 suggests that the overall loss coef-
cient should be written as the sum of three components:
K = Ko +Kc +Kl , (2)
where Ko is the loss due to ow contraction at the orice, Kc is
a negative loss due to a relatively small diffuser-like pressure
recovery over the length of the chamber, and Kl is due to the
exit lip. From dimensional analysis the OTJ loss coefcient and
each of its components are functions of 4 geometric parameters
and Reynolds number:
K = Ko +Kc +Kl = f
(
D0
d1
,
D
d1
,
L
D
,
d2
D
, Re1
)
. (3)
Reynolds number is dened in terms of ow conditions at the
inlet orice, Re1=U1d1/ν. By tting mathematical functions of
these parameters to each of the experimentally measured Ko,
Kc and Kl , we obtain an engineering formula or model of the
overall loss coefcient.
Effect of Reynolds Number
Loss coefcient has been measured over the Reynolds-
number range 3,800<Re1<60,400, with a chamber length of
L=2.75D and an exit-lip diameter of d2 =0.9D. As functions
of Reynolds number, variations in loss coefcient are so small
that they would not be visible on the log-scale of Figure 6. The
results are therefore shown in Figure 7 as discharge coefcient.
Discharge coefcient is dened as the actual ow rate divided
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Figure 7: Discharge coefficient (Cd ) as a function of orifice
Reynolds number. 3,800<Re1<60,400.
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Figure 8: Reader-Harris [8] formula for orifice-plate discharge
coefficient (Cd ) as a function of orifice Reynolds number (Re1)
and diameter ratio (D/d1). Pressure tappings are distances D
upstream and D/2 downstream of the orifice plate. Reynolds-
number dependent terms ∆Cu and ∆Cs are shown on a shifted
vertical scale. A rapid change of slope can occur at laminar-
turbulent transition (at pipe-flow Reynolds number, Re0=4,000).
by the ow rate through a lossless contraction with the same
pressure difference and diameter ratio. It is calculated from the
loss coefcient and the contraction ratio using
Cd =
√√√√ 1
K−1
[(
D0
d1
)4
−1
]
. (4)
With the exception of the smallest expansion ratio (D/d1=2.1),
a 95%-condence-level test indicates that the measurements
have not detected a Reynolds-number dependence in the dis-
charge coefcient. Horizontal lines of best t are included in
Figure 7 as a visual guide.
Figure 8 shows the Reader-Harris [8] formula for the discharge
coefcient of a circular orice plate in a fully developed pipe
ow. The formula was obtained by curve tting to a database
of 16,376 experimental measurements and it is a further devel-
opment of the Reader-Harris/Gallagher formula which is rec-
ommended by ISO-5167.2 [1] for measurement of ow rate in
pipes. The Reader-Harris [8] formula has several Reynolds-
number dependent terms. The two largest of these are shown
as ∆Cu and ∆Cs in Figure 8. The ∆Cu term accounts for the ef-
fect of Reynolds number on the velocity prole in the upstream
pipe ow. In the OTJ ow, this effect would appear in Ko. The
second term, ∆Cs represents Reynolds-number effect in the sep-
arated and reattaching ow downstream of the orice. For the
OTJ, this effect would appear in Kc. Since both ∆Cu and ∆Cs
have negative slope, we conclude from Figure 7 that neither Ko
nor Kc depend on Reynolds number.
Effect of Inlet-orifice Contraction
If the chamber is removed (i.e. L/D=0), the jet ow from the
inlet orice is unconned and, since the effect of Reynolds num-
ber is negligible, the energy-loss coefcient is a function of only
one parameter, the contraction ratio D0/d1:
Ko = K|L/D=0 = f1
(
D0
d1
)
. (5)
Figure 6(a) shows that a least-squared curve t of the form
Ko = κ
(
D0
d1
)ζ
(6)
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Figure 9: Energy-loss coefficient of the exit-lip at maximum
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tion 7 is shown as solid line.
is appropriate for the L/D = 0 experimental data. With
κ=2.04 and ζ=4.28, the r.m.s. difference between Equation 6
and the data is about 2.6%.
Effect of Exit-Lip Diameter
Figure 9 shows the component of loss coefcient (Kl), due to
the exit lip. For each of the available expansion ratios (D/d1), Kl
was measured at the chamber length giving the largest spread-
ing angle (Θmax) of the emerging jet [2]. Given a required jet
spreading angle, these chamber geometries minimise the energy
loss of the nozzle. The range of exit-lip diameters is limited to
0.6≤d2/D≤1.0 because, for lip diameter smaller than 0.6D,
the external ow does not oscillate. Figure 9 indicates that the
loss coefcient of the exit lip (Kl) is independent of both the
contraction ratio (D0/d1) and the expansion ratio (D/d1) at the
inlet orice. The data in Figure 9 falls on the curve
Kl,Θmax = h2.
[
353h22 +1.40
]
, (7)
where h2 = [1− (d2/D)]/2 is the dimensionless height of the
lip, with an r.m.s. difference of ∆Kl≈0.08.
Effect of Chamber Length and Expansion Ratio
Figure 6 shows that the chamber behaves like a weak diffuser.
The chamber produces a small pressure recovery between the
inlet orice of the nozzle and the exit plane. In Equation 3 this
pressure recovery or reduction in energy-loss coefcient is writ-
ten as a function of the inlet contraction ratio (D0/d1), expan-
sion ratio (D/d1) and chamber length (L/D). However, if the
loss coefcient of the chamber (K ′c) is dened with a reference
ow speed Uvc, which is the ow speed at the vena contracta
just downstream of the inlet orice, we would expect it to be
independent of the inlet contraction ratio:
K′c =
∆Pc
1
2 ρU2vc
= f2
(
D
d1
,
L
D
)
, (8)
where ∆Pc is the pressure loss attributable to the chamber and f2
is a chamber-loss function. Converting from a vena-contracta
reference speed to an inlet-pipe-ow reference speed gives
Kc =
(
Uvc
U0
)2
. K′c =
(
Uvc
U0
)2
. f2
(
D
d1
,
L
D
)
. (9)
Boundary friction and turbulence-energy dissipation of the ow
contraction through the inlet orice are negligible and so, in
Equation 9, the ratio (Uvc/U0)2 is the loss coefcient of the inlet-
orice contraction:
Kc = Ko . K′c = Ko . f2
(
D
d1
,
L
D
)
. (10)
445
-0.2
-0.1
0.0
C
ha
m
be
r l
os
s 
co
ef
fic
ie
nt
, K
’ c
0 1 2 3
Chamber-length ratio,  L / D
(FPJ)D/d1
5.0
3.5
3.0
2.5
2.1
Figure 10: Chamber-loss coefficient K ′c based on flow speed at
the vena contracta. Re1=50,000, d2/D=0.9.
The numerical values of K ′c in Figure 10 are obtained from the
experimental data (K) by using
K′c =
K−Ko−Kl
Ko
, (11)
where Ko is given by Equation 6. For these measurements the
exit diameter is d2=0.9D, and so the lip-loss coefcient Kl is
negligible. Figure 10 suggests that the chamber-loss function
f2 should consist of two factors, an amplitude-of-decay factor
which depends on the expansion ratio and a decay-rate factor
which depends on chamber length:
f2
(
D
d1
,
L
D
)
=
[
−β
(
D
d1
)η]
︸ ︷︷ ︸
amplitude
.
[
1− exp
(
−
[
1
λ
L
D
]ξ)]
︸ ︷︷ ︸
decay-rate factor
. (12)
Figure 11 explains the effect of each curve-tting coefcient (β,
η, λ and ξ) on the shape of the function, f2.
Optimising the Model
The formula for the overall loss coefcient of the nozzle is ob-
tained by substituting Equations 6, 10, and 12 into Equation 3:
K = κ
(
D0
d1
)ζ{
1−β
(
D
d1
)η[
1− exp
(
−
[
1
λ
L
D
]ξ)]}
+Kl .
(13)
An initial estimate of the coefcients κ, ζ, β, η, λ and ξ can be
obtained by minimising the mean-squared-error of ts to sub-
sets of the data. First, contraction coefcients κ and ζ are found
from the L/D=0 data (Figure 6(a)). The coefcients β and η
are then calculated from the amplitude of the decay in K ′c (Fig-
ure 10). Finally, the remaining coefcients λ and ξ are obtained
from the decay rate of the K ′c data.
The coefcients of the model are optimised by the downhill-
simplex method of Nelder and Mead [5]. By minimising the
mean-square of the percentage difference between the model
(Equation 13) and the measurements shown in Figure 6(b), we
obtain
K = Kl + 2.21
(
D0
d1
)4.213
× (14){
1−0.421
(
D
d1
)−0.85[
1− exp
(
−
[
1
1.42
L
D
]2.8)]}
The number of digits in each optimised numerical coefcient
in Equation 14 is chosen so that changing a least signicant
digit alters the value of K by less than 1%. Figure 12 compares
Equation 14 with the experimental data. The r.m.s. difference
between the model (Equation 14) and the data (Figure 6(b)) is
2.3%. The maximum difference is 4.4%.
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Figure 11: Sketch of the chamber-loss function, f2.
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